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INTRODUCTION 
The use of a line-focus ultrasonic transducer in a vertical scanning reflection acoustic 
microscope system is well known for quantitative materials characterization [I]. The technique relies 
on the measurement of the reflected radio frequency tone burst echo amplitude, V, as a function of 
amount of defocus, z, and analysis of the interference minima of the V(z) curve to obtain various 
interface wave speeds. The technique uses well developed theory [2,3,4] representing fixed frequency 
ultrasound generated and detected by a cylindrical lens in the frequency domain. We have developed a 
large aperture lensless line-focus transducer which is highly efficient and has a bandwidth wide enough 
to allow the generation and detection of narrow transient pulses [5]. From this transducer placed in 
water near a solid sample, the resulting echo waveforms have multiple features which can be 
interpreted as the arrival of a specularly reflected axial ray and leaky surface waves. Using this 
transducer, we have developed a time-resolved and polarization-sensitive testing technique for 
materials characterization [6]. The objective of this paper is to provide a theoretical basis for 
interpretation and analysis of these time domain waveforms. 
Our approach is to model the line-focus transducer as ultrasonic sources and detectors 
distributed uniformly over a curved surface, using superposition to apply the time domain Green's 
function of a liquid/solid interface. The Green's function of a planar liquid/solid interface represents 
the transient pressure at any point in the liquid due to a sudden expansion at another point in the liquid 
near a planar solid. This Green's function is derived and described in great detail in the geophysics 
literature [7,8,9,10]. We have developed a simplified algorithm which is easy to program and 
computationally efficient [11]. Consequently, the application of the Green's function to sources and 
detectors on a curved surface can be carried out by simple numerical integration. 
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In what follows, we first present simplified formulas of the Green's function of a liquid/solid 
interface. Then we show how the time domain response function of a line-focus transducer can be 
obtained by two sequential one-dimensional integrals, with the active element modeled either as a 
circular arc or as a long cylindrical surface. Finally we show computed results of simulated waveforms 
for a glass sample of known elastic properties. 
THEORY AND SIMPLIFIED FORMULAS 
Time Domain Green's Function Formulation 
The Green's tensor Q(~,~,t) can be considered as the system response function which 
describes the effects of transient wave propagation in an elastic continuum between a point source at ~ 
and a point detector at~. The tensor Q depends on the physical nature of the source, and its time 
dependency, the nature of the detector, and the elastic properties of the continuum. When constructed 
to model the vector displacements at ~ caused by a vector force at ~, Q has a component Gij which is 
the displacement at If in the i-th direction due to the force at ~ in the j-th direction. If Q is derived for 
a point source of step-function time dependency, the displacements due to forces of other spatial 
distributions and time dependencies can be derived from Gij• For example, a detector at If which 
measures velocity in the i-th direction due to a dipole or couple, fjk(t), of arbitrary time dependency and 
located at ~ will have a time waveform, vlt), given by 
(1) 
where the two partial differentiations with respect to time are required for converting displacement to 
velocity and for converting step-function to impulse response; the comma in the subscript denotes 
partial differentiation with respect to the space coordinates. 
The Green's tensor Q in general is a function of the geometry and mechanical properties of the 
media, and the boundary conditions. Over the years, Green's tensors for elastic materials of simple 
geometries, such as a half space or a plate, have been explicitly derived in forms amenable to 
computation. We have developed a computer program specifically to compute the dynamic Green's 
functions for an infmite plate (12]. Recently we have extended the plate program to a plate bounded to 
a half-space. This derivation is based on Willis' Fourier transform inversion method [13,14], which is 
a part of the "generalized ray theory" similar to the well known Cagniad - de Hoop's Laplace inversion 
[8]. Willis' method is easier to code into computer programs. 
Green's Function of A Liquid/Solid Interface 
The Green's function of a liquid/solid interface can be considered as a special case of a 
solid/solid interface between a solid plate and a half-space. First, the fluid medium is considered as a 
solid specialized by its zero shear modulus. Then the physical nature of a volumetric change at a point 
in a continuum is applied to the first invariant of the deformation tensor by setting magnitudes of three 
mutually perpendicular dipoles equal to the pressure in the liquid. Finally the boundary condition for 
the liquid/solid interface is that both the stress and displacement normal to the interface be continuous. 
Since we are interested only in the first reflected echo from the interface, the term corresponding to the 
reflected echo has a simple representation: 
(2) 
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where Gijji is the component of the Green's tensor previously defmed for a solid medium. By invoking 
symmetry and isotropy, the Green's function g(&,~,t) can be recast into a general form, g(d,h,t), where 
d is the distance between the source and the detector, projected onto a plane parallel to the interface; 
and h is the sum of the perpendicular distances of the source and the detector from the interface. 
Introducing the nondimensional independent variables X = d/h and T = t'c/h, we fIrst defIne 
sT -VT2-I-s2 q=--+l..!........---
T2-1 r2-1 
Ra =4J(a.2q2-1)(P2q 2-1 ) +(P2q 2_2)2 
Ja2q 2 1 Rb=op4q 4 -Jq 2-1 
(3) 
where 0 is the density of the fluid divided by that of the solid; and Ce, c" and C1 are the wave speed of 
the fluid and the shear and longitudinal wave speeds of the solid, respectively. Then we have: 
Ra -Rb 
1 x Ra+Rb g(X,1)=-l Reall---::--"""---'--..-----
2n2 0 Jq2-1[-s+_I_]JX2-s2 
Jq 2-1 
(4) 
The source time function for g here is, however, a parabolic ramp time function. The integrand 
has at most three singularities, all removable. They correspond to the arrivals of the simple reflected 
wave, the skimming longitudinal wave and the skimming shear wave. Their locations on the real axis 
are: 
(5) 
(6) 
and 
(7) 
By breaking the integration limits of equation (4) into intervals set apart by these locations, the 
integration along the real axis can be carried out numerically to any desired accuracy. 
The case for the two dimensional model can be simplifIed further. The integration in equation 
(4) reduces to the closed form solution: 
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where 
1 g(X,1)= 21t [mag ~[-X+-l-l Jq2-1 
(8) 
(9) 
The information necessary to model the waves generated by a point source, in three 
dimensions, is embodied in the three dimensional Green's function. Because of the one-dimensional 
degeneracy of an infinite line source, a two dimensional Green's function is sufficient to model the 
waves generated by a line source. Both have been studied and reported by de Hoop and van der Hijden 
[9,10]. Our derived formulas are much simpler, can be progranuned easily, and give the same 
numerical results. 
We have written two computer programs based upon the formulas presented in the previous 
section. Typically, a three dimensional Green's function curve of two hundred time points, representing 
a single test configuration can be computed in less than ten seconds using a slow (16MHz) personal 
computer; a similar two dimensional Green's function curve requires less than one second. Calculation 
of a simulated waveform, the response of a point transducer due to a point source of known time 
function, requires negligible extra time. Examples of calculated results have been previously reported 
[11]. 
Impulse Response of A Lensless Line Focus Transducer Probing A Liquid/Solid Interface 
An ultrasonic transducer is of fmite size and therefore can be considered as a point source or a 
point detector only if its characteristic dimension is much smaller than the wavelength of interest. The 
lensless line focus transducer is made of an active piezoelectric film of length L and width w molded 
into a rectangular transducer with a concave front face of radius R, chord length a, and width w. Two 
surface integrals of the basic Green's function are required to model the line focus transducer operating 
in a pulse-echo mode. However, the dimensions of numerical integration can be reduced from four to 
two by invoking symmetry, in either oftwo ways. The first is to assume that the cylindrical surface is 
infinitely long in the axial direction, so that all the field variables are two-dimensional and independent 
of the axial coordinates. The second is to assume that the active element of the transducer is narrow in 
the axial direction, and therefore can be considered as a circular arc. With either simplification, the 
numerical integration limits and paths are similar, but the integrands are different. The resulting 
transducer response function, H, can be written as: 
(10) 
where: 
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d=RI sin60 -sin6 I 
h=Rlcos6o+cos61+2z 
a=sin-l(aIR) 
(11) 
Either Eq. (8), the two-dimensional Green's function, may be used as the integrand to model a 
long axis partial cylinder, or Eq. (4), the three-dimensional Green's function, may be used to model an 
arc. These numerical integrations can be carried out on a personal computer, although some 
computations may take hours to achieve the desired accuracy. 
Finally, the detected pulse-echo waveform, V(z,t), can be simulated by convolution of the 
transducer response function with a source waveform, S(t), as follows: 
(12) 
The source waveform can be obtained by solving Eq. (12) at the focal point (z=O) using an 
experimentally recorded V(O,t) waveform and a computed H(O,t) curve. 
NUMERICAL RESULTS 
Initial computed results indicated that the circular arc model using the 3-d Green's function fits 
our experimental results better than the 2-d model. Shown in Fig. I is a qualitative comparison 
between numerical results of the two theoretical models and an experimentally recorded waveform. 
The experimental waveform is recorded with a line focus transducer using a 30mm x l2mm 
piezoelectric film, with an effective focal length R=25.8mm and an aperture 14.17mm )< 12mm, and 
located 20.3mm from the glass sample. Details of the experimental setup are presented in a companion 
paper [6]. The theoretical curves are based on the same parameters except for the assumption that the 
transducer dimension in the cylindrical axial direction is infinitely long for the 2-d case and 
infmitesimal for the 3-d case. By comparison of these curves, clearly our transducer cannot be 
considered two dimensional. 
Figure 2 shows the results of the computed integration of a 3-d Green's function modeling the 
same transducer probing a glass sample. The liquid is water, and the transducer is located at various 
distances from the glass surface. Although these curves are continuous, their time derivatives are not. 
These derivatives have multiple peaks (positive or negative) allowing their time of arrivals to be easily 
determined. Shown in Fig. 3 are the time derivatives of the curves in Fig. 2. We note that some 
random pulses shown in Fig. 3 are numerical integration noise. The actual arrival times of the maxima 
and minima for each curve in Fig. 3 together with the experimentally recorded arrivals are plotted as a 
function of transducer location in Fig. 4. Good agreement between theory and experiment is readily 
observed. 
Finally in Fig. 5 we show a sequence of simulated waveforms. These waveforms are the 
results of convolving the curves in Fig. 3 with a source waveform. The source waveform is computed 
by a deconvolution of the experimentally recorded echo and the transducer response function when the 
transducer is focused on the interface. For comparison, in Fig. 6 we show a sequence of experimentally 
recorded waveforms. With the exception of some random wiggles (due to numerical integration noise) 
in the simulated waveforms, the relative amplitude of the surface waves can be predicted by theory. 
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Fig. 4 Relation between arrival times and transducer distance from the water/glass interface, theory and 
experiment. 
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Fig. 5 Simulated waveforms for a water/glass inteface at a distance from z=O to z=-9.8 mm, each step 
decrement is 0.2 mm. 
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Fig. 6 Experimental wavefonns for a water/glass interface at a distance from z=O to z=-l 0 mm, each step 
decrement is 0.2 mm. 
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CONCLUSION 
We have developed a computer program to simulate the time domain echo waveform of a line-
focus transducer probing a liquid/solid interface. The computation can be carried out rather easily on a 
desktop computer. The modeling of the lensless transducer as distributed sources and detectors on a 
circular arc simplified the computation, yet provided good agreement for a transducer of our particular 
design. The computer program can be used to guide further refinement of transducer design and to 
interpret features in the experimentally recorded time waveforms. 
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